Using the Wentzel-Kramers-Brillouin (WKB) approximation we study the formation and propagation of quantum bound states in the vicinity of a Galileon black hole. We show that for various ranges of the derivative coupling to the Einstein tensor, which appears in the metric of the Galileon black hole, a Regge-Wheeler potential containing a local well is formed. Varying the strength of the derivative coupling we investigate the behaviour of the bound states trapped in the potential well or penetrating the horizon of the Galileon black hole.
I. INTRODUCTION
Within the framework of Einstein's General Relativity (GR) black holes are predicted to exist and they are extreme objects whose study is very rich and relies on different branches of classical and quantum physics. Astrophysical black holes are supposed to be formed during the final stages of massive stars; primordial black holes may be formed in the early Universe from density inhomogeneities. Furthermore, black holes have temperature and entropy and emit radiation from the black hole horizon. The Hawking evaporation mechanism, which is a manifestation of a quantum effect in a curved spacetime (for reviews see [1, 2] ) has been studied extensively over the years. Its study is extremely fruitful in itself because of the quantum gravitational effects expected to occur during the last stages of the evaporation, when the semi-classical approach breaks down.
The detection of gravitational waves (GWs) by the Laser Interferometer Gravitational-Wave Observatory (LIGO) Scientific Collaboration and the Virgo Collaboration opens the window to study strong field gravitational physics and test alternative theories of gravity [3] [4] [5] [6] [7] . In the light of these developments the existence of quasi-normal modes (QNMs) (for a review see [8] ) ω = ω R + iω I , with a non-vanishing imaginary part, have become relevant, since they do not depend on the initial conditions of the emitting objects, so they carry unique information on the few black hole parameters.
The investigation of bound states for massive particles emitted by black holes was carried out in [9] . The study of this problem is quite close to the investigation of massive QNMs [10] , as in both cases the goal is to find the characteristic complex frequencies allowing a massive (scalar) field to propagate in a black hole background, while satisfying given boundary conditions at the black hole horizon and at spatial infinity. Nevertheless because these boundary conditions are not the same, the physical meanings of bound states and quasi-normal modes are very different and correspond to different energy ranges. A systematic study was carried out in [9] using the formalism developed in [11] , of quanta trapped between the finite black hole potential barrier and the infinitely thick well, which prevents the particles from reaching infinity.
The investigation in [9] of quantum bound states requires to solve quantum mechanically the Klein-Gordon equation in a curved background of a test scalar field in the 4−dimensional Schwarzschild background using the WKB approximation. In this work we will carry out a similar analysis of quantum bound states of a scalar field around Galileon black holes. The Galileon black holes are hairy black holes which are the back-reacting spherically symmetric solutions of a scalar field coupled to the Curvature [12] [13] [14] [15] . This coupling respects the shift symmetry, which is the characteristic property of Galileon theories. This symmetry does not allow the scalar field to have self-interacting terms. This property leads to the fact that the derivative coupling constant λ of the scalar field to the Einstein tensor G µν appears directly in the metric functions of the Galileon black hole solutions without being connected with the other parameters of the solution like the mass or the charge.
Classically this coupling has been studied extensively. The main effects of the kinematic coupling of a scalar field to the Einstein tensor is that gravity influences strongly the propagation of the scalar field compared to a scalar field minimally coupled to gravity. The presence of this coupling acts as a friction term in the inflationary field of the cosmological evolution [16] [17] [18] . Moreover, it was found that at the end of inflation there is a fast decrease of the kinetic energy of the scalar field and this leads to a suppression of heavy particle production as the strength of this coupling is increased [19] . This change of the kinetic energy of the scalar field to Einstein tensor allowed to holographically simulate the effects of a high concentration of impurities in a material [20] . It has also been found [21] that, for a massive charged scalar wave kinematically coupled to the Curvature, a trapping potential formed outside the horizon of a Reissner-Nordström black hole, and, as the strength of the coupling was increased, the scattered wave off the horizon of the black hole was superradiantly amplified, resulting to the instability of the Reissner-Nordström spacetime.
The aim of this investigation is to study the quantum mechanical effects of the Galileon black holes. We will consider a test wave in the vicinity of a Galileon black hole. We will show that a Regge-Wheeler potential is formed, containing a local well, for some ranges of the derivative coupling λ of the scalar field to the Einstein tensor. Then, varying the strength of the coupling of the scalar field to Curvature we will investigate the behaviour of the bound states trapped in the potential well or penetrating the horizon of the Galileon black hole and compare this behaviour with the SAdS case.
We note that the test wave is not coupled to the scalar field which produces the hair to the Galileon black hole. It understands the presence of the scalar field through the Galileon black hole metric, in which the derivative coupling λ appears as a parameter. There are various local solutions of the Galileon theory. A perturbative black hole solution was discussed in [12] . An exact Galileon black hole solution was presented in [13] in which however the scalar field should be considered as a particle living outside the horizon of the black hole because it blows up on the horizon. The other exact Galileon black hole solution was discussed in [15] in which the scalar field is regular on the horizon but it is time dependent. In [22] the gravitational collapse is examined in this context.
The recent results on the gravitational waves [3] [4] [5] [6] [7] raised some questions on the existence and stability of the scalar-tensor theories with the derivative coupling λ present in the theory. If we assume that the scalar field plays the role of dark energy and drives the late cosmological expansion it has been found [23] that the propagation speed of the tensor perturbations is different from the speed of light c. Due to small deviation of the speed of GWs from the speed of light, the dark energy models that predict c gw = c at late cosmological times are severely constrained [24, 25] . This coupling introduces a mass scale in the theory M 2 = 1/λ and taking under consideration the early and late cosmological evolution the derivative coupling is bounded to be 10 15 GeV M 2 × 10 −35 GeV [26] . Local solutions of scalar-tensor theories with a derivative coupling can exist in various energy scales and their stability has been discussed in the literature [21, 27, 28] . On the other hand, it has been shown in [29] that a disformal transformation of the original metric to a physical metric guarantees the validity and the stability of Galileon black holes. The derivative coupling appears as a parameter in the physical metric [29] and our analysis is also valid in the transformed solution defining a modified Regge-Wheeler potential.
An interesting question is whether we expect any clear observational differences of the hairy scalar-tensor black holes, such as the Galileon black holes, from GR black holes. If the scalar field is fixed then the background solutions are the same as in GR and possible differences can be seen only if we perturb space-time. However, if the hairy scalar-tensor theories are mathematically and physically consistent, we expect clear observational differences from GR black holes. Similar deviations from GR can be expected from astrophysical black holes and neutron stars. For example calculating the quasi-normal modes or possible gravitational and scalar radiation from binaries in the case of scalar-tensor theories deviations from GR can be detected. Therefore it is important to study compact strongly gravitating objects in modified gravity theories. Quantum effects could also be important in the early stages of structure formation.
The work is organized as follows. In Section II we review the formation of the Regge-Wheeler potential for a test scalar field outside a black hole. In Section III we discuss the formation of quasi-bound states and their behaviours outside a Galileon black hole, while the last Section contains our conclusions.
II. THE REGGE-WHEELER POTENTIAL
To study quantum bound states around a black hole one has to solve relativistic quantum mechanical equations in a curved background. To show that those states do exist, the Klein-Gordon equation in the black hole background has to exhibit a radial potential containing a local well for given ranges of black hole horizon radii.
The Klein-Gordon equation of motion for a massless scalar field Φ in a spherically symmetric spacetime with metric
Writing Φ(t, r, θ, φ) = e −iDt Y m (θ, ϕ)R(r) to split the temporal, angular and radial parts of the field (Y m are the spherical harmonics), the radial function R(r) obeys, in a spherically symmetric space-time background (1), the equation
With the substitution R(r) = u(r) r the radial equation above becomes
Introducing the tortoise coordinate r *
so that the radial equation (3) takes the form
The usual quantum mechanical techniques can be employed in the tortoise coordinate system and using the Chandrasekhar convention the last term of equation (5) is interpreted as the squared Regge-Wheeler potential [9]
so as to recover the standard Hamilton-Jacobi equation, and therefore the radial equation (5) can be written in a Schrödinger-like form.
In general we shall be looking for stationary state solutions of the Klein-Gordon equation, which take the form Ψ( r, t) = ψ( r) exp[−iCt], where C is in general a complex number, which will depend on l, the angular momentum parameter. We will use the notation C = Ω − iΓ, Γ > 0, where Ω will be the energy level and Γ the corresponding bandwidth. For a given l there will be several overtones, i.e. frequencies with greater Ω, which will be characterized by an integer n. This fact parallels the energy spectrum of hydrogen-like atoms, where a given angular momentum is shared by more than one principal quantum numbers. Summing up, our notation will be
In the numerical calculations we will use the dimensionless counterparts
III. HAIRY BLACK HOLE SOLUTION OF A SCALAR FIELD COUPLED TO CURVATURE
In this Section we review the hairy black hole solution presented in [13] . Consider the Lagrangian
where m p is the Planck mass, λ a real number, G µν the Einstein tensor, ϕ a scalar field. The absence of scalar potential allows for the shift symmetry ϕ → ϕ+const, which is the relevant Galileon symmetry. To obtain static solutions with spherical symmetry, consider the following metric ansatz
Varying
where Φ ≡ ϕ and µ is a constant of integration that will play the role of a mass. Note that the function F (ρ) in (9) is very similar to the g tt component of a Schwarzschild Anti-de Sitter (SAdS) black hole, but contains extra terms depending on λ. In particular X(ρ) contains a λ−dependent term, which acts like an effective cosmological constant. This solution, discussed in [13] , describes a genuine black hole with one regular horizon located at ρ = ρ H if M > 0 and also there is a scalar field outside the horizon of the black hole given by equation (12) . In the limit λ → ∞ we recover the Schwarzschild solution and also in this limit from equation (12) we see that Φ vanishes. Therefore for a finite λ we have deviations from General Relativity with a scalar field outside the horizon of the black hole.
As we discussed in the introduction, the black hole solution given by the functions (10) and (11) is interesting because the "charge" of the scalar field, i.e. its coupling constant λ to Einstein tensor, appears in the metric functions. Therefore, the information of how strongly the scalar field is coupled to curvature is recorded in the metric. This is not happening in other hairy black hole solutions like the MTZ hairy black hole [30] or its extension [31] . If you consider a MTZ black hole with a self-interacting scalar field [32] then the self-coupling of the scalar field is a secondary "charge" and it is related to the other parameters of the metric functions.
Following the discussion in Section II, the Klein-Gordon equation (2) in the background of the metric (9) becomes
We denote
since this root plays the role of the function h(r) of the previous Section. In addition we will use again the definitions of the tortoise coordinates
and equation (13), with the additional substitution: R ln (ρ) = w ln (ρ) ρ , becomes:
Thus we have determined the radial equation along with the potential squared
For the numerical calculations we will use the Planck mass m p to eliminate dimensions. Thus, we use the dimen-
, so that the functions X(ρ) and Y (ρ) of the metric become:
On the other hand, equation (15) becomes:
and the equation to be solved reads:
where we have set: u ln (r) ≡ w ln r mp . We can express the black hole mass parameter M in terms of the horizon value r H :
Then in the vicinity of the horizon the metric functions (18), (19) can be expanded as
while the relations
are valid at large distances. The constants K 1 and K 2 are arbitrary, but not independent. We choose K 2 = 0. It appears that the tortoise coordinate is a small negative quantity at large r and diverges logarithmically towards −∞ near the horizon.
A. Regge-Wheeler potential for the Galileon black hole
Let us now study the potential and point out some of its characteristics. It is actually a straightforward task, however, proceeding analytically results in too complicated expressions, so we prefer to do it numerically. In figure  1 we show the potential for l = 0, r H = 1 and λ = 3, 10, 20, 50. All the potentials diverge at infinity, due to the existence of the cosmological constant type of term. For λ = 50 we get the lowest line, the potential has a peak at small r and the formed between the peak and infinity is spacious enough for (quasi-)bound states to develop. For decreasing λ the well becomes shallower and it can support less and less bound states. When λ = 3 the peak disappears and the potential cannot have bound states at all. This is a general feature of such potentials.
One may wonder what is the fate of the potential for larger values of l. In figure 2 we show the potential for λ = 1, r H = 1 and l = 0, 3, 4, 10. We have chosen a very small value for λ, so that the potential for l = 0 (lowest line) does not support a (quasi-)bound state. For l = 3 we observe a small deformation, while for l = 4 the potential develops a peak for small r, which did not exist before; for l = 10 the potential has developed a well and can support (quasi-)bound states. Thus, even for small values of λ, one may have quasi-bound states, provided l grows large enough. In figure 3 we show the minimum value l min of l, above which the potential may support bound states. The horizon parameter is r H = 1. Of course, l min depends on λ. For λ ≥ 5 we see that l min is zero, that is, even for zero angular momentum the potential can support bound states. For smaller values of λ the angular momentum value l has to be bigger than some minimum value, if it is to support bound states.
Let us now describe the calculating procedure for the dimensionless energies ω ln and bandwidths γ ln . In figure 4 we show a typical form of the Regge-Wheeler potential V 2 l (r) along with some value for ω 2 ln . The Regge-Wheeler potential has three turning points, where the value of ω 2 ln cuts the potential graph of V 2 l (r) and which are denoted by r H < r − < r + < r 0 . Since we are looking for the solution of equation (21), the independent variable is r * . Referring to the definition (20) we can easily see that dr dr * is always positive, so that the inequalities r H < r − < r + < r 0 yield r * (r H ) < r * (r − ) < r * (r + ) < r * (r 0 ). In the sequel we will also use the notations: r * H ≡ r * (r H ), r * − ≡ r * (r − ), r * + ≡ r * (r + ), r * 0 ≡ r * (r 0 ). Thus the horizon and the turning points divide the real r * axis into four regions, in which the WKB wave functions read
, r * 0 < r *
In the preceding relations we have defined
In the previous equations x is a dummy variable. The energy levels can be calculated using the equation
The bandwidth can be found from the expression [11] γ ln = ω ln exp −2 for n = 0 and l = 0 (lower curves) or l = 1 (upper curves). In the right panel we just depictγ 00 , sinceγ 10 is too small.
In equation (31) we have denoted by r max the value where the potential reaches its maximal value We may now change variables through r =rr H , λ =λr 2 H and the formula (30) reads
We may check that the quantitiesV l (r) ≡ V . The unknown quantity is the productω ln ≡ ω ln r H . The equation above may be written as
Equation (31) is rewritten in a similar way. From this discussion it is obvious that one has to deal with just two parameters, namely l andλ, since r H does not enterV l (r) or H(r).
B. Formation of quasi-bound states around the Galileon black hole
Let us summarize our findings so far. We saw that Galileon black holes with bigger values of λ can more easily support (quasi-)bound states, while larger values of the angular momentum allow particles to live longer in a quasibound state. In this Section we will carry out a systematic investigation of the formation of quasi-bound state for l = 0 and l = 1 in the potential of the Galileon black hole.
In Fig 5, left panel, we display the lowest (n = 0) quasi-bound state energiesω 00 andω 10 (corresponding to l = 0 and l = 1 respectively) versusλ. In the right panel we depict the corresponding quasi-bound state bandwidthγ 00 (for l = 0, n = 0) versusλ. It is evident that the graphs start at a non-zeroλ value, due to the fact that, for a given value of the angular momentum l, there is always a minimal value ofλ, below which the potential can no more support (quasi-)bound states, as we have already explained. In the limitλ → +∞ the Schwarzschild potential is recovered. An important remark is in place here: in the limitλ → 0 one does not recover the Schwarzschild potential. The black hole solution that we examine in this work lies on a branch different from the General Relativity branch, so it cannot reduce to the General Relativity solution by tuningλ. The curve forω 10 is at higher values than the one forω 00 , as expected. In addition, for smallλ, the highestω 2 ln get close to the top of the potential, so that the bandwidth is large, indicating that it can easily leak out towards the horizon. This is depicted on the right panel, which shows an increase ofγ 00 for smallλ. The values ofγ 10 are too small, as compared againstγ 00 .
In Fig. 6 we show the overtone energies associated with the angular momentum values l = 0 and l = 1 for fixed λ = 100. The lower point sets representω 0n and contain the ground state (n = 0) and two overtones. There exist no more overtones for l = 0 because, at some point, the values ofω 2 0n become larger than the height of the potential and there are no bound states any more. We do not showγ ln in the graph, since we have already shown its behaviour in figure 5 . Similar remarks apply to the l = 1 case, however the potential is higher in this case and there exist five overtones apart from the ground state. It is evident that the variation of the values ofω ln from the ground state to the higher excitations is very regular, so one may get insight on the structure of eigenvalues by focusing on the ground states.
In Fig. 7 we depict the ground state energiesω l0 for values of the angular momentum quantum number l ranging from 0 to 10. The derivative couplingλ is 100. There is nothing unexpected in this graph: the values ofω l0 increase monotonically with l. One may also depict the bandwidthsγ l0 ; however, due to the great height of the potential for l > 0 the bandwidths are too small to depict, that is the bound states are quite stable in this regime.
IV. CONCLUSIONS
We studied the formation and the behaviour of quantum bound states outside a Galileon black hole. The Galileon black hole is a local solution of Horndeski theory and it is the result of the back-reaction of a scalar field coupled to the Curvature for a spherically symmetric background metric. This derivative coupling to Curvature appears as a parameter in the Galileon black hole metric introducing a scale, such as the cosmological constant, and for this reason we have the formation of quantum bound states outside the horizon of the Galileon black hole.
We considered a test wave outside the horizon of a Galileon black hole. We found that, for some ranges of the couplingλ, a Regge-Wheeler potential containing a local well is formed. Varying the strength of the derivative coupling we found that bound states trapped in the potential well are formed.
Galileon black holes with largeλ can support more efficiently (quasi-)bound states, while larger values of the angular momentum l allow particles to live longer in a bound state. Studying the energies and bandwidths of the bound states we found that, as λ is increased, the overtone states become close packed and in the limitλ → +∞ (the Schwarzschild limit) they form a continuum, corresponding to a continuous distribution and the absence of bound states. Moreover, the bandwidths decrease for large values ofλ so the bound states become more and more stable while reducingλ renders the quasi-bound states unstable and at some point the bound states no longer exist.
The strength of the coupling of the scalar field to Einstein tensor indicates how strongly matter is coupled to Gravity and, as we discussed in the introduction, it alters the kinetic properties of the scalar field propagating in a static or time-dependent space-time. An analogous behaviour is observed quantum mechanically. Compared to the Schwarzschild case we showed that bound states can be formed more easily as the strength of the derivative coupling is increasing. We also found that, forλ → +∞, the bound states become more stable not influenced any more by a strong gravitational field. It would be interesting to extend this study to other Galileon black holes such as the black hole solution discussed in [15] where the scalar field has also a time-dependence and compare it against the Schwarzschild case.
